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Scalable Visual Analytics in FCA

Tim Pattison1B, Manuel Enciso2, Aaron Ceglar1, Pablo Cordero2, Derek
Weber1, Ángel Mora2, and Michael Broughton1

1 Defence Science and Technology Group (Australia)
tim.pattison@dst.defence.gov.au
2 Universidad de Málaga (Spain)

Abstract. Formal Concept Analysis (FCA) is suitable for use within
organisations at different levels of maturity in information management
and big data analytics. It takes as input a bigraph, into which both struc-
tured and unstructured data can be readily transformed, and produces
a multiple-inheritance type hierarchy suitable for formal knowledge rep-
resentation. Accordingly, FCA has been widely applied in areas such
as information retrieval, knowledge discovery and knowledge representa-
tion. The multiple-inheritance hierarchy produced by FCA is a complete
lattice which can be represented as a labelled, directed, acyclic graph. We
adopt a visual analytic approach to FCA by combining computational
analysis with interactive visualisation. Scaling FCA to the interactive
analysis of large data sets poses three fundamental challenges: the time
required to enumerate the vertices, arcs and labels of the lattice digraph;
the difficulty of responsive presentation of, and meaningful user interac-
tion with, a large digraph; and the discovery of insightful implications.
This chapter briefly surveys potential solutions to these scalability chal-
lenges posed by big data volumes, and describes software prototypes and
coordinated visualisations which explore some of them.

Keywords: Visual analytics · Lattice drawing · Implications

1 Introduction

This chapter is based on [27] – updated to include the contributions made by
three subsequent publications – and [9]. Both have been published in proceed-
ings available via http://ceur-ws.org. The Commonwealth of Australia has
retained Crown copyright in the former.

The visualisation of implications using the lattice digraph as a substrate,
potentially coordinated with complimentary views based on data visualisation,
is used to integrate these two works.

Formal Concept Analysis (FCA) [41] derives a multiple-inheritance type hi-
erarchy from a formal context. A formal context is a bigraph, consisting of a set
of object vertices, a set of attribute vertices, and edges specified by a binary rela-
tion between these two sets. The “types” derived by FCA correspond to maximal
bicliques in this bigraph, and are known as formal concepts. Each formal con-
cept consists of a set of objects, called its extent, and a set of attributes, called

http://ceur-ws.org


its intent, which are fully interconnected and jointly maximal: neither objects
nor attributes can be added while preserving full interconnection. The set of
formal concepts, when partially ordered by set inclusion on their extents, forms
a complete lattice. This lattice can be efficiently represented as a single-source,
single-sink, labelled, directed acyclic graph (DAG) – henceforth called the lattice
digraph – whose vertices are formal concepts, and whose adjacency relation is
the transitive reduction [1] of the ordering relation.

The resultant multiple-inheritance hierarchy of formal concepts constitutes
a useful generalisation of a hierarchy for applications such as the storage and
retrieval of data objects using keywords or tags, the representation of a Descrip-
tion Logic subsumption hierarchy [35], or the partial ordering of closed frequent
item sets in association mining. Accordingly, FCA has been widely applied in
such disparate fields as information retrieval, knowledge discovery and knowledge
representation [32, 33].

Formal Concept Analysis is an analytic technique suitable for organisations
at different levels of maturity in information management. For those who pri-
marily retrieve and read unstructured text, the context bigraph is equivalent
to the “bag of words” representation common to a number of statistical tech-
niques for natural language processing, such as Latent Semantic Analysis [19].
For those analysing user-tagged data, including various forms of social media,
the tags are attributes associated with the media objects of interest. FCA con-
stitutes a form of association mining for structured data such as the membership
of people in organisations or communities of interest, producing a set of impli-
cations amongst the chosen attributes. For organisations aspiring to automated
reasoning, the output of FCA is an empirically-derived subsumption hierarchy
whose incorporation into Description Logics has attracted considerable research
interest [36].

“Visual analytics is the science of analytical reasoning facilitated by inter-
active visual interfaces,” which, inter alia, “seeks to marry techniques from in-
formation visualisation with techniques from computational transformation and
analysis of data” [40]. We adopt a visual analytic approach to FCA by com-
bining computational analysis with interactive visualisation. Scalability is a key
challenge for visual analytics. Algorithms must scale to large data sets, visual-
isations must make efficient and intelligible use of screen real-estate, and both
must be responsive for interactive use. The number of formal concepts derived
from a formal context is bounded above by an exponential function of the num-
ber of objects and attributes in that context. Consequently, three fundamental
challenges confront those who wish to scale FCA to the interactive analysis of
large data sets: the time required to enumerate the vertices, arcs and labels of
the lattice digraph; the difficulty of meaningful and responsive user interaction
with a large lattice digraph; and the discovery of insightful implications.

This chapter focuses on the volume challenge posed by the exploitation of
big data, rather than on data velocity, variety or veracity. We assume that the
number |G| of objects is larger than the number |M | of attributes, in which case
the number of formal concepts is bounded above by 2|M |. We further assume



that while |G| may be very large, either |M | remains moderate or the formal
context is relatively sparse, so that the threatened exponential explosion in the
number of formal concepts is not realised. Aggregating all objects into a single
formal context is justified provided all objects are sampled from the same un-
known joint probability distribution (see e.g. [25]) over the attributes. If there
is reason to believe that this distribution is instead slowly time-varying, period-
ically discarding older objects and rebuilding the concept lattice may be more
appropriate.

This paper is organised as follows. Section 2 provides a graph-theoretic in-
troduction to Formal Concept Analysis. Section 3 introduces the topic of visual
analytics and its application to Formal Concept Analysis. Section 4 undertakes
a brief survey of techniques aimed at improving the scalability of FCA for more
responsive visualisation and interaction. Section 5 briefly presents three tech-
niques and associated software prototypes through which the Defence Science
and Technology Group has addressed selected aspects of FCA scalability. Sec-
tion 6 describes the use of data visualisation by the Universidad de Málaga to
help users find meaningful implications. Section 7 discusses the remaining chal-
lenges for scaling these techniques to deal with truly big data volumes.

2 Graph-theoretic introduction to FCA

A formal context (G,M, I) is a bipartite graph, or bigraph, with object vertex
set G, attribute vertex set M , and undirected edge set I ⊆ G ×M . Each edge
is adjacent to one object and one attribute vertex. Each object and attribute
vertex has a unique label which derives from the domain of application. For an
information retrieval domain, for example, the object labels may be document
titles and the attribute labels keywords. Figure 1a shows an example formal
context, in which the object and attribute vertices have numerical and alphabetic
labels respectively.

A sub-context (G′,M ′, I ′) of the formal context (G,M, I) is a bigraph con-
sisting of a subset G′ ⊆ G of its objects, a subset M ′ ⊆ M of its attributes, and
the subset I ′ = I ∩ (G′ ×M ′) of its edges adjacent to those object and attribute
vertices.

2.1 Formal concepts

A formal concept consists of a set of objects, called the extent, and a set of
attributes, called the intent, which form a maximal biclique in the context bi-
graph. For example, ({5, 12}, {F, G}) is a formal concept in the formal context
of Figure 1a, since both attributes in its intent {F, G} are connected to both
objects in its extent {5, 12}, and no other objects or attributes can be added
while preserving full inter-connection. Two concepts are said to be comparable
iff the extent of one is a subset of the extent of the other.
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Fig. 1: Bigraph and line diagram (v.i.) for example formal context.

2.2 Concept lattice digraph

FCA produces a set of formal concepts which are, or can be, partially-ordered
by extent set inclusion. This partially-ordered set forms a complete lattice [10],
which includes inter alia a unique maximum element, called the supremum, and
a unique minimum element, called the infimum.

This complete lattice can be represented as a DAG, in which each vertex
represents a formal concept, and each arc connects a lower neighbour in the
partial order to its upper neighbour. This lattice digraph has a single source
vertex, corresponding to the infimum of the lattice, and a single sink vertex,
corresponding to the supremum. Two concepts are comparable iff there is a
directed path between their corresponding vertices in the lattice digraph.

2.3 Line diagram

A line diagram is a layered drawing of the lattice digraph in which the vertical
component of each arc is upwards on the page. This convention aids the in-
terpretation of the partial ordering and obviates the need to explicitly indicate
the direction of each arc. The source [sink]3 vertex appears at the bottom [top]
of the diagram, and all other vertices are assigned to intervening layers. Fig-
ure 1b shows the line diagram resulting from FCA of the formal context shown
in Figure 1a.

Each concept bears an attribute label in the line diagram, and is said to be an
attribute concept, iff its extent is the set of objects adjacent to that attribute in
3 Square brackets are used throughout this paper to indicate that a sentence is true

both when read without the bracketed terms and when read with each bracketed
term substituted for the term which precedes it.



the context bigraph. Similarly, each concept bears an object label, and is said to
be an object concept, iff its intent is the set of attributes adjacent to that object.
For example, the top vertex in Figure 1b is an attribute concept for attribute G
and an object concept for object 10. Attribute [object] labels are placed above
[below] the labelled concept.

A concept inherits the attributes [objects] appearing as labels on comparable
concepts above [below] it in the line diagram. The vertex having attribute label
set {F} and object label set {5} in Figure 1b corresponds to the concept having
extent {5, 12} and intent {F, G}. In addition to its own object and attribute
labels, it inherits attribute G from its upper neighbour and object 12 from its
lower neighbour.

2.4 Anchoring Implications

Definition 1. An implication L → R on the formal context (G,M, I) consists
of an antecedent L ⊂ M and a consequent R ⊆ M where L ⊂ R and L′′ = R.

The antecedent and consequent are also known respectively as the left-hand
side (LHS) and right-hand side (RHS) of the implication. To avoid repeating the
attributes in L ⊂ R on the right-hand side, an implication is often written in the
abbreviated form L → R\L, indicating that objects which have all attributes in
L also have all attributes in R\L. The antecedent L and abbreviated consequent
R \ L partition the consequent R.

The implications of a formal context, such as that in Table 1, can be enumer-
ated algorithmically and tabulated as per Table 2 for exploration by the user. An
interactive table view constitutes a familiar interface through which the user can
sort, filter, inspect and visually compare rows, which in this case correspond to
implications. Computational assistance, such as highlighting set intersections or
differences, is advisable when comparing attribute sets containing more than a
handful of elements. Implications can be sorted, for example, by the cardinality
or lectic order of their antecedent, consequent or abbreviated consequent sets,
or filtered by constraining set membership. Sorting and filtering operations can
be useful for managing potentially large numbers of implications. A range of
objective measures has also been defined [20] for directing the user’s attention
to “interesting” implications; these interestingness scores can be added to the
table, and used thereafter for sorting and filtering.

In the following discussion, we show how implications can also be related
to the concept lattice for the purposes of view coordination. !Suggest why such
coordination might be useful. !Perhaps a generic statement about the benefit
of considering multiple perspectives. !Exploration or decision-making which re-
quires consideration of multiple factors simultaneously, especially where those
factors are not easily combined or overlaid in a single view. !Also useful for ed-
ucational purposes, so that users can relate the resultant implications back to
the lattice digraph or even the input formal context.

Observation 1 The consequent R = L′′ of an implication is the intent of a
formal concept, whereas the antecedent L ⊂ L′′ is not.
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Fig. 3: Concept lattice with attribute
concepts for members of the an-
tecedent and abbreviated consequent
coloured red and green, respectively.

The digraph vertex corresponding to the formal concept having intent R serves
as a graphical anchor for the implication L → R in a drawing of the concept
lattice. User interaction with the implication can be mediated by interaction
with its consequent concept in the lattice digraph.

Figure 2 shows the concept lattice for the clarified formal context in Table 1
with the concepts coloured yellow whose intents are the consequents of the im-
plications tabulated in Table 2. Note that implications 2 and 3 have the same
consequent, as do implications 5 and 6, demonstrating that there can be a one-
to-many relationship between consequents and implications. Since selection of
the consequent is not sufficient to uniquely specify an implication of interest,
additional interaction is required to choose between the unique antecedents. Un-
fortunately, these antecedents do not have corresponding graphical elements in
a drawing of the lattice digraph with which the user might otherwise interact
more directly.

Table 1: Example
formal context.

a b c d e

1 × ×
2 × × ×
3 × × ×
4 × ×
5 × ×

Table 2: Duchenne-Guigues canonical basis for
implications on the formal context of Table 1.

Serial L → R R \ L |R′|

1 {a} → {a, b} {b} 1
2 {b, c} → {b, c, d} {d} 1
3 {c, d} → {b, c, d} {b} 1
4 {b, e} → {b, d, e} {d} 1
5 {a, b, d} → {a, b, c, d, e} {c, e} 0
6 {b, c, d, e} → {a, b, c, d, e} {a} 0



The concept whose intent is the consequent R of an implication is the meet
of the attribute concepts for the attributes m ∈ L ⊂ R. For a given implication,
the attribute concept for each attribute m ∈ R can be coloured according to
whether the attribute belongs to the antecedent L or the abbreviated conse-
quent R \ L. Following international maritime and aeronautical conventions for
left and right, we colour these red and green respectively. Figure 3 shows the at-
tribute concepts for the antecedents of implication 4 from Table 2 coloured red
and those for the abbreviated consequent coloured green. The concept whose
intent is the consequent is shown with yellow halo rather than fill to allow for
the possibility that it may also be the attribute concept for an antecedent or
abbreviated consequent attribute. For example, the consequent concept for im-
plication 1 is also the attribute concept for antecedent attribute a, for which our
colour code prescribes red fill. The convergence at the haloed vertex of down-
ward paths from the two red vertices confirms that the consequent is the meet
of the attribute concepts for members of the antecedent. An upward path from
the consequent to the green vertex confirms that attribute d is implied by the
presence of the antecedent attributes b, e.

ecdb

5

4231

a

Fig. 4: Concept lattice with the consequent for implications 2 and 3 of Table 2
highlighted with yellow halo and attributes common to the antecedents of both
coloured red. The antecedents and abbreviated consequents differ with respect
to the brown attributes.

Figure 4 shows the concept lattice with the consequent for implications 2 and
3 of Table 2 highlighted with yellow halo. In this case, selecting the consequent
concept is not sufficient to unambiguously identify the implication of interest.
For both implications the antecedent includes attribute c, which is accordingly
coloured red. Any attributes in R which are in neither antecedent are necessarily
in the abbreviated consequents of both, and would therefore be coloured green;
in this case there are no such attributes. The attribute concepts for the remaining
two attributes b and d are coloured brown to indicate that at least one of them



must be explicitly assigned to either the antecedent or abbreviated consequent
in order to distinguish between the possible implications. In this case, assigning
either brown vertex is sufficient for this purpose. The purpose of visually distin-
guishing these vertices is to invite the user to make a binary choice; an alternate
representation such as might better signify and facilitate this choice.

Relating implications to formal concepts, and antecedents and abbreviated
consequents to their constituent attributes, has the benefit that this approach is
compatible with coordination between views of the lattice digraph and context
bigraph. Attribute vertices in the context bigraph should be coloured the same
as the corresponding attribute concepts in the lattice digraph. An alternative
approach is to add to the lattice digraph a vertex for the antecedent of each
implication, which would further clutter the digraph drawing. Insertion of some
arcs and deletion of others would also be necessitated by their revised interpre-
tation solely in terms of the transitively reduced subsumption relation between
attribute sets. Importantly concept meets – by which the user can confirm the
correctness of implications – could no longer be read from this diagram.

Canonical basis

Definition 2. A set of implications on a context (G,M, I) is sound if it con-
tains only valid implications, complete if every implication follows from that
set, and non-redundant if no implication in the set follows from the others in
the set.

Definition 3. P ⊆ M is called a pseudo-intent of (G,M, I) iff P ⊂ P ′′ and
Q′′ ⊂ P holds for every pseudo-intent Q ⊂ P.

Theorem 1 ([15]). The set of implications

{P → P ′′|P pseudo-intent}

is sound, complete and non-redundant.

This set of implications is called the Duchenne-Guigues canonical basis. Table 2
lists the implications in this basis for the example formal context of Table 1.

Observation 2 Let P and Q ⊂ P be pseudo-intents. Then Q ⊂ Q′′ ⊂ P ⊂ P ′′.

Antecedent P lies between consequents Q′′ and P ′′ of implications in the canoni-
cal basis. These consequents are the intents of comparable concepts, with Q′′ and
P ′′ corresponding to the super- and sub-concepts respectively. The antecedent
Q for the super-concept is a subset of the antecedent P for the sub-concept.
Not all pseudo-intents P need have a pseudo-intent Q ⊂ P; with reference to
Figure 2, this can be inferred from the observation that not all yellow concepts
have yellow super-concepts.



Valid implications All valid implications for a context can be derived from
the canonical basis, or any other complete set of implications, by combining
implications using Armstrong’s rules [3]. The resultant additional implications
are said to follow from that complete set. For example, the new implication
{a, d} → {b, c, e} follows from implications 1 and 5 in Table 2. From the lattice
digraph in Figure 2, it can be seen that the infimum, whose intent contains all
attributes, is the meet of attribute concept a with attribute concepts c, d or e.
This observation confirms the validity of the new implication and shows that at
least six additional implications also follow: {a, c} → {b, d, e}, {a, e} → {b, c, d},
{a, c, d} → {b, e}, {a, c, e} → {b, d}, {a, d, e} → {b, c} and {a, c, d, e} → {b}.
This example suggests that the set of all valid implications on a formal context
which has a suitably large number of attributes will be too numerous for detailed
inspection of each by the user to be feasible.

If a formal context constitutes an incomplete or unrepresentative sample
from the object population, implications which are provisionally valid may be
falsified by the addition of new objects. Such new objects may be sampled auto-
matically from the population or chosen by a domain expert in order to expedite
the acquisition of domain knowledge. Falsifying an implication also falsifies all
implications which previously followed from it. For the purposes of manually
verifying implications, it is therefore only necessary to inspect a complete and
non-redundant set. The user may choose to systematically verify each implica-
tion in the set, explore the set of implications to identify those most in need
of verification, or simply explore the implications to understand and absorb the
domain knowledge they encode.

Allowing the user to sort and filter a complete and non-redundant set of
implications in order to narrow down to those of interest, will scale to somewhat
larger contexts than interaction with the larger set of all valid implications. Diagonal context

with |M | = |G| = n
has

(
n
2

)
implications

in basis.

In
Section 6, we describe a data visualisation workflow designed to help the user
identify “interesting” implications. Interestingness measures (see e.g. [20]) are
beyond the scope of this chapter.

Support The empirical evidence, or support, for an implication can be quanti-
fied as follows.

Definition 4. The support of an implication L → R is the number |R′| of
objects in the formal context which have all of the attributes in its consequent R.

Since the support of an implication is the cardinality of the extent of its con-
sequent concept, implications having the same consequent have equal support.
The support for each implication in our running example is listed in Table 2.
The two implications having zero support are those associated with the infimum,
which typically has an empty extent. These implications are qualitatively differ-
ent from the remainder in that the usual interpretation, “Objects which have all
attributes in L also have all attributes in R \ L,” does not apply. However such
empirically unsupported implications should not be entirely discounted, since
they constitute predictions which may be subsequently falsified when new ob-



jects are added to the context, for example by a domain expert during attribute
exploration [14].

Interaction primitives Users who are not yet fully conversant with impli-
cations, or with Formal Concept Analysis more generally, might be expected
to benefit from the ability to explore a set of implications, compare selected
implications, and examine their antecedents and abbreviated consequents. Co-
ordination of interactive views of the context bigraph, lattice digraph and set of
implications will assist such users to verify and interrogate implications and to
relate them back to the data set from which they are derived. !Identify, exam-
ine and compare “interesting” implications from a potentially large set. !What
about combining implications? !Introduce syntactic closure?

1. Query, sort and filter
2. Select multiple and compare
3. Select single and examine

1. Overview: Provide an overview(s) of all implications in a given set.
2. Search: Find all implications whose consequent contains a nominated set of

attributes.
3. Select: Select a consequent.
4. Refine: Refine the selection from a consequent to an individual implication.
5. Select: Select an implication of interest.
6. Examine: Explore the antecedent and consequent of the selected implication.
7. Compare: For two implications with the same consequent, show the intersec-

tions of their antecedents and of their abbreviated consequents.
8. Compare: Find and compare two implications with comparable consequents.

Interaction primitive 5 differs from 3 in that the same consequent may be asso-
ciated with multiple implications. Where this is the case, interaction primitive
4 is required to refine the selection to an individual implication. This could be
achieved by combining 7 with user interaction to assign ambiguous attributes
(brown vertices) to either the antecedent or consequent. Alternatively, it could
be achieved through either a drop-down list which appears when a consequent is
selected, or interaction with a coordinated view which tabulates the implications
and highlights or shortlists those corresponding to the nominated consequent.

Interaction primitive 8 is a generalisation of 7, but with the precondition
that the user has specified exactly two implications to compare. In what follows,
we show that for implications in the canonical basis, two additional colours are
required in order to distinguish four distinct sets.

Observation 3 Let P and Q ⊂ P be the antecedents of implications P → P ′′

and Q → Q′′ in the canonical basis. Then the antecedent P ⊃ Q′′ ⊃ Q of the
former implication contains both the antecedent Q and the abbreviated consequent
Q′′ \ Q of the latter, and the consequent Q′′ of the latter is disjoint from the
abbreviated consequent P ′′ \ P ⊂ P ′′ \ Q′′ of the former.



When comparing the two implications in Observation 3, we need to visually dis-
tinguish between four disjoint sets: Q, Q′′ \ Q, P \ Q′′ and P ′′ \ P. Members of
Q ⊂ P belong to the antecedents of both implications, and as per our colour con-
vention their attribute concepts should be shown red. Members of (Q′′ \ Q) ⊂ P
are in the abbreviated consequent of the first and the antecedent of the sec-
ond, and accordingly would be coloured brown. The alternative colouring
would better signify that the attribute belongs to the abbreviated consequent
of the super-concept and the antecedent of the sub-concept. Assigning any of
these brown vertices to either the antecedent or abbreviated consequent sets
would be sufficient to choose between the two concepts being compared; how-
ever, since they already have discrete consequents, this selection task is more
readily achieved by selecting the corresponding consequent. Members of P \Q′′

and P ′′\P are in the antecedent and abbreviated consequent, respectively, of the
second implication only, and these attributes must be visually distinguished. We
have previously used green to represent attributes which are in the antecedents
of both implications being compared; green with reduced opacity could be used
to indicate that this agreement does not exist for members of P ′′ \ P. The same
lack of agreement on the elements of P \ Q′′ ⊂ P would suggest red with re-
duced opacity for these vertices. The comparison of implications 3 and 6 using
this colour scheme is illustrated in Figure 5. The antecedent P of the second im-
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Fig. 5: Comparison of implications 3 and 6.

plication is the union of the first three sets, since P = (P \ Q′′) ∪ (Q′′ \ Q) ∪Q.
Similarly, the consequent P ′′ of the second implication is the union of all four
sets.

Dividing and conquering implications Consider a formal context which is
Carve-divisible at the outermost level. Implications whose consequent is a con-
cept within a parallel component other than a ghost infimum are also valid in the
global context, since they can only involve attributes whose attribute concepts



are either in that component or are the global supremum. With respect to the
canonical basis, candidates P for pseudo-intents having P ′′ = M can be tested
against each such Q ⊂ P to ensure that Q′′ ⊂ P ⊂ M . In the case of the Carve
example context, there are 8 implications in the canonical basis associated with
the infimum and a further 9 associated with concepts in the 3 first-level con-
tainers. To confirm this, load Carve example.cxt into Concept Explorer and
inspect the implications. The only consequent involving attributes from more
than one Carve component is the infimum, and this will typically have zero
support. The remaining implications can be derived at lower computational cost
from analysis of individual Carve component. !Need to consider how this works
for nested containers.

1. Interestingness measures less useful for differentiating between implications
than between association rules because confidence p(R|L) is uniformly 100%.
Maddouri and Gammoudi [20] claimed that each of the interestingness mea-
sures they studied could be expressed in terms of four probabilities: p(LR),
p(LR̄), p(L̄R) and p(L̄R̄). Of these, the first is support normalised by |G|,
and p(LR̄) = 0 for implications. Departing from our previous notation, we
have used R here to denote the abbreviated consequent.

3 Introduction to visual analytics

“Visual analytics is the science of analytical reasoning facilitated by interactive
visual interfaces,” which, inter alia, “seeks to marry techniques from information
visualisation with techniques from computational transformation and analysis of
data” [40]. We adopt a visual analytic approach to FCA by combining compu-
tational analysis with interactive visualisation.

3.1 Graph drawing

3.2 Data visualisation

3.3 Coordinated and multiple views

The discussion of implication in Section 2.4 would benefit from the discussion in
this section.

3.4 Algorithmic analysis

3.5 Tight coupling

3.6 Scalability

Scalability is a key challenge for visual analytics. Algorithms must scale to large
data sets, visualisations must make efficient and intelligible use of screen real-
estate, and both must be responsive for interactive use. The number of formal
concepts derived from a formal context is bounded above by an exponential



function of the number of objects and attributes in that context. Consequently,
three fundamental challenges confront those who wish to scale FCA to the in-
teractive analysis of large data sets: the time required to enumerate the vertices,
arcs and labels of the lattice digraph; the difficulty of meaningful and respon-
sive user interaction with a large lattice digraph; and the discovery of insightful
implications.

4 Layout, visualisation and interaction

This section provides a brief survey of techniques aimed at improving the scal-
ability of FCA for more responsive visualisation and interaction.

4.1 Reducing digraph size

The most obvious approach to improving line diagram layout, visualisation and
interaction, is to reduce the number of formal concepts. Querying and filtering
the input context to remove objects and attributes which are not of interest
will expedite concept enumeration and reduce the number of labels on the line
diagram, but is not guaranteed to reduce the number of concepts [14]. Another
means of achieving this objective is to impose a threshold on extent set cardinal-
ity, so that screen real-estate and user attention are reserved for formal concepts
which represent suitably large subsets of the objects in the formal context. The
partial order amongst these frequent closed item sets is referred to as an iceberg
lattice. Algorithms exist [38] which exploit the monotonicity of the constraint
on extent cardinality to expedite enumeration of the formal concepts.

4.2 Layout of line diagram

This section will be updated to reflect the work published in [30].
Standard algorithms [11, 39] and genetic variants (see e.g. [24]) exist for

assigning the vertices of a DAG to layers and ordering them within each layer
to improve aesthetic criteria such as edge crossings. In the present case of a
lattice digraph, layer assignment is constrained by the maximum path length of
a vertex from the source, and to the sink, vertex. The assignment of vertices to
layers in the line diagram is typically under-constrained by the partial order, so
that both layer assignment and horizontal order within a layer can be permuted
when adjusting the graph layout to optimise aesthetic criteria. This graph layout
problem has combinatorial complexity [11].

4.3 Interactive visualisation

Usability testing of FCA applied to the management of email has demonstrated
that users can successfully interpret line diagrams [13]. However, the combi-
natorial explosion of concepts with increasing size of the formal context poses
challenges for the layout and visualisation of, as well as interaction with, the



lattice digraph. On-demand construction and layout of the entire lattice digraph
cannot be achieved in interactive timescales for large lattices, so that either
prior or user-guided construction and layout is required to support responsive
interaction4. For contexts of even moderate size, the potentially large number of
resultant vertices and arcs compete for limited screen real estate and challenge
user comprehension.

To help the user manage this problem of scale, interactive exploration, as op-
posed to static presentation, of the line diagram is essential. Information visual-
isation techniques such as pan and zoom, focus-plus-context, details-on-demand
and structural navigation [6] can support user interaction with, and compre-
hension of, large graphs [16]. For example, geometric zooming or distortion of
the line diagram [7, 22] can help allocate more screen real-estate to an area of
interest. Alternatively, structural navigation of the lattice digraph can be fa-
cilitated by presentation of the immediate graph neighbourhood of the current
vertex [7, 12, 42], possibly combined with an overview showing where that ver-
tex resides in the full lattice. A third option is an interactive version of nested
line diagrams [7, 41], in which each vertex serves as a container within which
to display the line diagram for the same object set and (some of) the remaining
attributes. In many applications, however, it is not clear a priori how best to
group the attributes, or how to order the groups for nesting.

4.4 Discovering or imposing tree structure

A range of mature visualisation and interaction techniques exist for tree, as op-
posed to lattice, data structures [18, 34, 37]. Operating system interfaces for the
structural navigation of directory hierarchies are ubiquitous, and user intuition is
accordingly well established [7]. This intuition can be exploited for visualisation
of the concept lattice digraph, provided that a tree structure can be discovered
in, or imposed on, the graph.

Any spanning tree of the lattice digraph, which is rooted at the source or sink
vertex, would arguably serve this purpose. Melo et al. [21] investigate various
criteria by which a single parent can be chosen for each concept. Whereas any
given vertex will typically lie on multiple directed paths from the source [to the
sink] of the lattice digraph, the corresponding path in a spanning tree is unique.
To make it easier to purposefully locate a vertex of interest, or more likely that
such a vertex might be encountered during less goal-directed user exploration,
each vertex, along with the sub-lattice of which it is the supremum, can be
replicated on demand under each of its parent vertices [7, 23].

Another approach to imposing tree structure on a graph to facilitate user in-
teraction is hierarchical clustering or partitioning of its vertex set [16]. Hierarchi-
cal clustering involves the recursive application of a graph clustering algorithm to
the clusters (sub-graphs) it identifies. Graph clustering involves optimising some
measure of cluster quality, such as modularity, which takes into account factors
such as the number, or total weight, of intra- versus inter-cluster links. Whilst
4 User-guided construction of the lattice digraph is addressed in Section 5.2.



the global optimisation of modularity is NP complete, sub-optimal solutions can
be computed for large graphs in responsive timeframes [8].

A range of techniques and tools exist for browsing hierarchically clustered
graphs. Amongst these are structural zooming on inclusion layouts [34], and
the GrouseFlocks environment [2] which supports the use and modification of
multiple hierarchical clusterings on the same graph.

4.5 Demand for enhanced tool support

There is a clear trend in operating system interfaces towards tagging and query-
ing rather than navigation of a hierarchical file system. Users typically require
assistance in recalling or constructing a set of tags with which to retrieve a suit-
ably small set of objects which contains the object(s) of interest. This trend will
drive a demand for well-designed user interfaces through which, like trees before
them, multiple-inheritance hierarchies become intuitive with use. The concep-
tually simple generalisation of a tree to allow a vertex to have multiple parents
poses significant challenges for user navigation. More generally, scalable visual-
isation and interaction of multiple-inheritance hierarchies, and in particular of
the digraph produced by FCA, remains an open challenge.

4.6 Implications

Discussion on using the lattice digraph as a substrate for the visualisation of
implications. A view of the lattice digraph with the consequents of implications
highlighted as digraph vertices is coordinated with alternate visualisations. The
latter are discussed in Section 6.

Move some of the discussion from Section 2.4 to here?

5 Three FCA prototypes

This section briefly presents three software prototypes which the Defence Sci-
ence and Technology Group has developed to address aspects of this scalability
challenge.

5.1 Hierarchical parallel decomposition

Carve [26, 30] supports interactive analysis of large formal contexts by discover-
ing and exploiting hierarchical structure which we have identified in bibliographic
contexts, and which Bhatti et al. [5] found in software systems. That hierarchical
structure is used to expedite and enhance both the layout of, and user interac-
tion with, the concept lattice. The Carve algorithm [31] discovers a hierarchical
decomposition of amenable contexts and of the corresponding lattice digraph. It
produces a tree, representing both a partial parallel decomposition of the lattice
digraph [11] and a corresponding decomposition of the context bigraph, along



with the digraph itself. The decomposition tree for the example context in Fig-
ure 6a is shown in Figure 6b. Carve uses this tree both to divide and conquer
the computational problem of laying out the digraph as a line diagram, and as
a coordinated view to facilitate user interaction with the context bigraph and
lattice digraph.Consider replacing

with context
bigraph and lattice

digraph terminology

Each vertex of the tree returned by the Carve algorithm corresponds to a
sub-context identified during hierarchical decomposition of the formal context,
and to the lattice digraph for that sub-context. This tree can be drawn using an
inclusion layout, in which each vertex of the tree is represented as a container
within which the containers representing descendant tree vertices are nested. In
Figures 6a and 6c, these nested containers are shown as coloured boxes whose
colour is that of the corresponding vertex in the decomposition tree in Figure 6b.
Each leaf vertex of this tree serves in Figure 6c as a container for the line diagram
of the corresponding trivial or otherwise indivisible sub-lattice digraph. The use
of these containers to enclose the corresponding bigraph and digraph vertices
gives rise to the acronym Carve, which stands for Context Analysis through
Recursive Vertex Enclosure.

The sink [source] vertex of the sub-lattice digraph corresponds to a concept
in the global context (G,M, I) iff it has an attribute [object] label. Sink [source]
vertices which are concepts are shown in Figure 6c as circles with black [white]
fill, while those which are not are represented as point junctions of the arcs from
their lower [to their upper] neighbours. Such junctions can be seen, for example,
at the top and bottom of the salmon-coloured container in Figure 6c. Each sink
[source] vertex is connected by an arc to its counterpart in the parent container.
In the case where the former vertex is not a concept, it serves as a collection
[distribution] point for a “trunk” arc to [from] its counterpart. These trunk arcs
reduce clutter by condensing multiple arcs into a single line.

The Carve software prototype uses coordinated and multiple views to present
the decomposition tree, context bigraph and lattice digraph. The tree view uses
a layout typical of file system browsers, which is more space-efficient than that
shown in Figure 6b. Selecting a node of the decomposition tree updates the
context bigraph and lattice digraph views to show only the corresponding sub-
context. These two sub-graphs can be laid out simultaneously to spatially cluster
bicliques in the context bigraph and improve the intelligibility of the lattice di-
graph [30]. By interacting with the decomposition tree, the user can drill down
to sub-contexts of interest, for which the context bigraph and lattice digraph
can be significantly smaller than for the global context.

5.2 User-guided FCA

The DAnCE prototype [27, 29] improves the scalability of FCA for interactive
use by allowing the user to steer the analysis towards areas of interest, and to
halt construction of the lattice digraph as soon as their analytic objectives are
satisfied. The resultant lattice digraph will be more task-focused, and, depending
on the application, may be considerably smaller, than the lattice digraph for the
original context.
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Fig. 6: Example context bigraph, the corresponding decomposition tree, and the
modified line diagram with discovered sub-lattices within nested containers.

We have developed the Dynamic Analysis for Conceptual Exploration (DAnCE)
prototype to explore this possibility, modifying a top-down algorithm for concept
enumeration to respond to user control and guidance [29]. Instead of autonomous
enumeration of all concepts followed by batch-mode construction of the lattice
digraph and corresponding line diagram, DAnCE allows the user interactive
control over the process of concept enumeration and provides dynamic, incre-
mental update of the line diagram. In addition to being able to start, stop, restart
and step through the process of concept enumeration, the user can: select a con-
cept of interest and prioritise the enumeration of comparable concepts which are
below it in the lattice; or select multiple concepts and prioritise the generation



Male Yellow Hair Brown Eyes Female

White Hair Beard Moustache Brown Hair Black Hair Brown Skin Red Hair
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(a) Initial diagram

Male Yellow Hair Brown Eyes Female

White Hair Beard Moustache Brown Hair

Black Hair Brown Skin Red Hair

Kyle

Andy Justin Jon Jake Joshua Megan Sarah William Tyler Daniel

(b) Multiple selection

Fig. 7: The initial line diagram and the result of multiple selection.

of the concepts which correspond to the set intersections of their intents and
extents. Each vertex and arc is displayed either as soon as it is discovered, or in
a batch-mode update of the line diagram after a specified number of steps of the
enumeration algorithm.

Visualisation challenges faced by DAnCE include: ensuring intelligible layout
of the partially-constructed diagram; maintaining the user’s mental model while
vertices and arcs are added; and ensuring that the labelling scheme described in
Section 2.3 applies when some lattice digraph vertices and edges have yet to be
discovered. DAnCE maintains the complete line diagram for the partial order
amongst the concepts generated to date, ensuring its consistent interpretation
as new concepts are added. Figure 7 shows mock-ups of this line diagram for
an example formal context consisting of people and their physical attributes.
Figure 7a depicts the state of the line diagram first presented to the user. By
this stage, all of the attribute and object concepts have been generated by the
concept enumeration algorithm, labelled, and laid out to establish the framework
for insertion of subsequent concepts. Algorithms exist for efficient generation of
the requisite attribute-object concept (AOC) poset [4] and for horizontally or-
dering the atoms and co-atoms to reduce the number of edge crossings in the
lattice digraph [30]. Establishing this framework ab initio minimises subsequent
disruption of the user’s mental model as new concepts are inserted into the line
diagram, while the presence and labelling of all attribute and object concepts
ensures that intent and extent membership can be read from the outset. The
problem of efficiently generating only the remaining – abstract – concepts re-
mains open.

Figure 7b shows the result of the user selecting in this diagram the attribute
concepts for “Beard” and “Moustache”, which are highlighted in response with
small grey halos. This multiple selection triggers the calculation of the extent



and intent intersections for the selected concepts. The former corresponds to the
infimum, which is accordingly highlighted with a green halo; the latter corre-
sponds to a new concept, which is consequently inserted into the line diagram
and highlighted with a purple halo. Since this extent intersection has path length
2 from the supremum, a new row has been inserted to accommodate concepts
now with path length 3, and lower neighbours demoted to it. The extent inter-
section is inserted into row 2 at ordinal position 2 of 5; this position is based on
the horizontal barycentre of its associated layer 1 ancestors (co-atoms) and layer
5 descendants (atoms), which are predominantly to the left of the centreline.

The technique described here for user-guided FCA could be applied within
the leaf-node containers of Carve in cases where the corresponding sub-context
remains large. This can occur in contexts which are especially large to start
with, or are not particularly amenable to the divide-and-conquer technique em-
ployed by Carve. Whereas Carve currently performs batch-mode construction
and layout of the sub-context digraph during leaf-node traversal, this could be
deferred to support user-guided construction.

5.3 Structural navigation

The SORTeD prototype [27, 28] supports the retrieval of documents (objects)
from a corpus based on queries over the terms (attributes) they contain. User
queries are constrained to term combinations which occur in the corpus, and are
generalised by removing, or specialised by adding, terms to navigate to compa-
rable concepts. Unlike previous interfaces for structural navigation of the lattice
digraph [7, 12, 42], those comparable concepts are not constrained to be neigh-
bours of the current concept. Depicted in Figure 8, the user interface mockup
offers valid terms to add or remove from the query. Terms not specified by the
user, but which are in the closure of the set of user-specified query terms, are re-
ferred to as closure terms, and are shown orange in Figure 8. The computational
challenge is to compute the set of all concepts reachable from the query concept
by the addition or removal of a user-specified query term to facilitate interactive
use. Despite structurally navigating the lattice digraph through a keyhole view,
the user may be unaware of the lattice digraph’s existence, relying instead on
intuition established through long-term use of conventional information retrieval
interfaces.

In SORTeD, FCA provides a mechanism for literal search over the corpus,
with the user interface assisting the construction and interactive refinement of
conjunctive Boolean queries. The search results are ranked using Latent Se-
mantic Analysis (LSA) according to their cosine similarity to the search terms
[19], and the search terms are ranked according to their cosine similarity to the
result set. The latter ranking is less conventional, indicating the comparative
relevance of the search terms to the result set, from which the user may judge
whether the result set is likely to satisfy their requirements. It is these two “se-
mantic” rankings which give rise to the acronym SORTeD, which stands for
Semantically-Ordered Ranking of Terms and Documents.



Fig. 8: SORTeD interface for information retrieval combining FCA and LSA.

In addition to offering conjunctive search terms – those which co-occur with
the existing search terms – to assist the user to refine the query, the interface
also offers, ranks and visually distinguishes disjunctive terms – those which are
only semantically related to the result set. Conjunctive search terms are shown
green in the Additional Terms list in Figure 8, while disjunctive search terms
are shown blue. Similarly, the Results list shows in green the identifiers of
documents matching the current conjunctive Boolean query, and in blue the
identifiers of those which do not match. In this example, document Blueland-
125 is not a literal match to the conjunctive Boolean query, but is the highest-
ranking semantic match.

Selecting a disjunctive term currently initiates a literal query in which the
selected term is substituted for the existing set of query terms. A technique has
subsequently been described whereby the query is instead edited to include the
disjunctive term [28]. The semi-automated editing algorithm searches the lattice
digraph constructed from the document corpus for an intent which: contains
the disjunctive term; and preserves as many user-specified query terms, and
introduces as few new terms, as possible. If more than one intent scores equally
against these criteria, the user is asked to choose which of them better reflects
their information needs. These choices could be computed for all disjunctive
terms while the user assesses the result of their most recent query.

Any closure terms identified during this interactive query refinement process
constitute the abbreviated consequent of an implication whose antecedent is the
current set of user-specified query terms. Thus while querying the document
corpus, the user may also be discovering implications amongst the terms present
in the corpus.



6 Discovering insightful implications

This section is based on [9].

6.1 Visualisation of implications

6.2 Our Approach to Data Visualisation for Implications

The Attribute Plot

The Implication Plot

The Rules Data Table

7 Scaling visual analytic FCA to big data volumes

This section discusses future prospects for scaling visual analytic FCA to the
data volumes encompassed by the term “big data”.

8 Conclusions and future work
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